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Abstract
The equilibrium solutions and coarsening dynamics of strained semi-conductor islands are inves-
tigated analytically and numerically. We develop an analytical model to study the effect of surface
energy anisotropy on the dynamics coarsening of islands. We propose a simple model to explain
the effect of this anisotropy on the coarsening time. We find that the anisotropy slows down the
coarsening. This effect is rationalised using a quasi-analytical description of the island profile.
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I. INTRODUCTION
The study of elastically strained semi-conductor thin films displays a lot of challenges
both from a theoretical and applied point of view [1–3]. The observations of the self-
organized strained islands, which arise on these semi-conductor films, has attracted a lot
of interest due to their opto-electronic properties for light emitting diode and quantum
dots laser [4–6]. In addition, the development of a model that explains the shape and the
dynamics of strained islands (quantum dots) remains a fascinating challenge since it involves
the dynamical interplay of elastic, capillary, wetting and alloying effects[7–15]. During
the deposition or the annealing of the semiconductor film in heteroepitaxy on a substrate,
the atomic lattice difference between the film and the substrate induces an elastic stress
which can lead to a morphological instability [11, 16–24]. This instability, known as the
Asaro-Tiller-Grinfeld (ATG)[25, 26] instability, leads to the formation of parabolic-shaped
islands (prepyramid) [27], which have been observed in the nucleation less regime [20, 21].
The prepyramids later evolve in pyramids as more volume is deposited [27]. Later on, the
self-organized strained islands displays a coarsening dynamic for which it has been shown
theoretically that the surface energy anisotropy slows down the coarsening [28, 29]. The
cause of the slowing down of the coarsening can be attributed to several effects is still under
investigation and is addressed in this article [10, 28–30].
In this present work, we raise the following question: what is the effect of the amplitude
of the surface energy anisotropy on the dynamics of coarsening. We show, using a one-
dimensional continuum model and a set of numerical simulations, that coarsening is slowed
down as the amplitude of the anisotropy of surface energy increases. Furthermore, we develop
a simple model to quantify the effect of the anisotropy of surface energy on the coarsening
time. We propose that the main cause of the slowing down of the coarsening is due to the
effect of the anisotropy of surface energy. The main effect of the anisotropy of surface energy
is to favorize a specific orientation of the surface. This leads to an influence on the shape of
the island and thus this affect the distribution of the elastic field in the island. As we shall
show, this modification of the shape of the island leads to a change in the dependency of
the chemical potential with respect to the island height h0, and as a consequence this slows
down the coarsening dynamics.
We first present the one dimensional dynamical model, which takes into account the
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anisotropy of surface energy and is based on the resolution of the equation of continuum
elasticity. Secondly, we describe analytically the equilibrium shape of one dimensional pyra-
midal island. From our model, we estimate the dependency of the chemical potential as a
function of the island height. Thirdly, we use the relations obtained in the previous part
to propose a simple dynamical model in order to explain how the coarsening time of two
anisotropic strained islands increases as a function of the anisotropy strength. We conclude
our article by illustrating our results with the numerical simulations of the coarsening of an
array of islands in the presence of anisotropy.
II. CONTINUUM MODEL
Semiconductors film dynamics can be modelled by a mass conservation equation which
takes into account the surface diffusion. This surface diffusion current is proportional to
gradients of the surface chemical potential µ. In the absence of evaporation the 1D equation
for the top surface of the film h(x, t) reads:
∂h
∂t
= D
√
1 + h2x
∂2µ
∂s2
, (1)
where D is the diffusion coefficient, hx is the slope of the surface height ∂xh(x, t) and ∂/∂s
the surface gradient [31, 32].
The chemical potential µ at the surface is defined by:
µ = δF/δh . (2)
Here F is the free energy of the system which encompasses the surface and the elastic
contribution F = Fs + Fel and µ = µs + µel. The surface energy reads
Fs =
∫
γ(h, hx)
√
1 + |hx|2dx. (3)
It includes both wetting effects and surface energy anisotropy. The elastic energy is given by
the integration over both the film and the substrate of the elastic energy density, it reads:
Fel =
∫
z<h(x)
Eel(x, z)dxdz. (4)
The elastic energy density Eel can be computed using the values of the stress tensor σij
and of the strain tensors eij. It reads,
Eel = 1
2
σijeij . (5)
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As a first approximation, we examine a decomposition of the surface energy γ(h, hx) where
the wetting and anisotropic effect are independent:
γ(h, hx) = γf [γh(h) + γa(hx)] . (6)
The wetting effects are linked to the film thickness h through γh(h) = cw exp(−h/δw), where
cw and δw are respectively the amplitude and the range of the wetting potential [33]. We
choose the anisotropy term in the surface energy to have a single minimum at a value
tan(θ) = tan(θe), as shown in Fig. 1:
γa(hx) = 1− αh2x
(
1− h
2
x
2 tan2(θe)
)
. (7)
Here α is the anisotropy strength and hx = tan(θ) is the surface slope.
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FIG. 1: Surface energy described by the anisotropy function given by Eq. (7) as a function of hx,
for α = 0.15 and θe = pi/6. The minimum is given at hx = tan(θe) and represents the characteristic
island slope. The vertical axis is in unit of γf .
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Using Eq. (2) and Eq. (6), the surface chemical potential µs is found to be:
µs = −
[
1− 2α + A(α, θe)h2x +B(α, θe)h4x
]
hxx − cw
δw
e−h/δw . (8)
Here the parameters A(α, θe) and B(α, θe) are defined as
A(α, θe) =
3
2
[−1− 4α + 4α cot2(θe)] , (9)
B(α, θe) =
15
8
[
1 + 2α + 4α cot2(θe)
]
. (10)
The elastic chemical potential can be written as
µel = −H(hx) . (11)
where H(hx) is the Hilbert transform of the spatial derivative of h(x, t), defined as
F−1(|k|F(h)), where F is the Fourier transform [34]. Thus the total chemical potential
µ reads,
µ = µs + µel . (12)
The evolution equation for the surface h(x, t) will merely follow from Eq. (1) and from the
expression of the surface chemical potential Eq. (8) and of the elastic chemical potential
Eq. (11). We first consider the space scale
l0 = γf/[2(1 + ν)E0] , (13)
resulting from the balance between the typical surface energy γf and the elastic energy E0
density. Here E0 = E η2/(1 − ν) where η = (af − as)/as is the misfit parameter where af
(resp. as) is the film (resp. substrate) lattice spacing, E is the Young’s modulus of the film
and the substrate, and ν the Poisson’s coefficient. Secondly we consider the time scale
t0 = l
4
0/(Dγf ) , (14)
where D is the surface diffusion coefficient. In units of l0 and t0, the evolution equation
reads
∂h
∂t
=
∂2µ
∂x2
=
∂2(µs + µel)
∂x2
, (15)
where µs and µel are given by Eqs. (8) and (11) respectively.
The numerical integration of Eq. (15) is performed using a pseudo-spectral method as
used in [29, 34] on a periodic domain of size LT . For example, for a Si0.75Ge0.25 film on
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Si, we find l0 = 27 nm and t0 = 23 s at 700
◦C (see [35] for an estimate of surface diffusion
coefficients). Eq. (15) is parametrised by the wetting constant cw and δw and the anisotropy
constants α and θe. It is a non-linear equation and its evolution is dominated by a coarsening
phenomenon in which small islands disappear at the benefit of larger islands. The quantity
S defined as the surface of the system
S =
∫ LT
−LT
h(x)dx , (16)
is conserved during the dynamic as a simple consequence of the form of Eq. (15).
III. ANALYTICAL MODEL AND NUMERICAL SIMULATIONS
In this section, we first study the equilibrium shape of one island. Using a simple ansatz,
we analytically determine the characteristics parameters of the island such as its size, height
and energy. Our predictions are in good agreement with our numerical computation. We
show that there is a smooth transition from parabolic-like to pyramid-like shapes as S
increases. Secondly, we derive a dynamical model which shows that the influence of the
anisotropy strength α is to increase the coarsening time. Finally, we illustrate our article
with the numerical simulations of an array of islands displaying coarsening.
A. Equilibrium
The equilibrium shape of one island is given by the time independent stationary solution
of Eq. (15) as shown in Fig. 2. This solution is characterised by the constant value of
the chemical potential µ along the x axis. The island-like shape can be described using the
following ansatz for the function h(x):
h(x) =

hw + tan(θe)(x+ L) −L < x < −x1 ,
h0 − tan(θe)2x1 x2 −x1 ≤ x ≤ x1 ,
hw − tan(θe)(x− L) x1 < x < L ,
hw |x| ≥ L .
. (17)
This pyramidal-like shape describes an island of maximum height h0 which sits on a
wetting layer of height hw. The island sides are described by straight lines of slope ± tan(θe)
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FIG. 2: Island like solution given by the numerical simulation of Eq. (15) represented by dots,
compared to the ansatz proposed in Eq. (17) represented by the continuous curve. L is the half-
width of the island and x1 is the top island parabola width. We use as parameters cw = 0.045
and δ = 0.005. The initial condition is given by a small random perturbation around a constant
value of h = 0.4. The value of the surface is S = 6.1. The anisotropic parameters are α = 0.1 and
θe = pi/6. The system size is LT = 16.
for −L < x < −x1 and x1 < x < L. The island top is described by a parabola for
−x1 < x < x1, which satisfies the continuity of the first derivative of h(x) at x = ±x1. At
the foot of the island |x| = L the function h(x) is continuous and has a value hw. Here x1
is the half-width of the parabola.
This ansatz is characterised by four unknown parameters (h0, hw, x1, L) which can be
deduced from four relations. The first relation is the continuity of h(x) at x = ±x1, it
imposes:
h0 = hw + tan(θe)(L− x1/2) . (18)
After the substitution of the ansatz (17), we expand Eq. (15) around x = 0 in a polyno-
mial series up to second order in x. At order 0 in x, we obtain the value of the half-width
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island L
L = exp
(
pi(1− 2α)− piµx1 cot(θe) + 2x1(log(x1)− 1)
2x1
)
. (19)
Here the chemical potential µ reads:
µ = −cw
δw
e−hw/δw . (20)
This previous relation is due to the fact that far from the island the film is flat, so that hx
and hxx vanish, and only the wetting potential term remains dominant in Eq. (8) and (11).
The chemical potential µ being fixed, the wetting layer value hw reads:
hw = −δw log
(
µ
δw
cw
)
. (21)
From the expansion at second order in x of Eq.(15), we obtain a transcendental equation
for x1, it reads:
tan(θe)
(
1
L2
+ 6piα+x1
x31
)
pi
− 3(4α + 1) tan
3(θe)
2x31
= 0 . (22)
Combining Eq. (19) and Eq. (22), we obtain the following transcendental equation for
the parameter x1,(
1
pi
exp
(
−pi(1− 2α)− piµx1 cot(θe) + 2x1(log(x1)− 1)
x1
)
+
6α
x31
+
1
pix21
)
− 3(4α + 1) tan
2(θe)
2x31
= 0 .
(23)
After substitution of Eq. (20) in Eq. (23), we can solve Eq. (23) numerically using a
simple root finding algorithm to obtain the parameter x1 for different values of hw. The
island half-width L can then be deduced from Eq. (19). Furthermore the value of the island
height h0 can be deduced from Eq. (18). For each value of the wetting layer height hw, we
can compute the value of the surface S (mass) using Eq. (16) and the ansatz Eq. (17).
Finally, from the knowledge of the values (h0, L, x1, µ), we can compute the value of the
surface S, it reads:
S = 2[h0x1 + hw(LT − x1)] +
(
3L2 − 6Lx1 + 2x21
) tan(θe)
3
. (24)
We present in Fig. 2 the island shape numerically integrated from Eq. (15) and compare
it with the ansatz (17). The agreement is quite satisfactory and there are no free parameters.
8
-6 -4 -2 0 2 4 60.0
0.5
1.0
1.5
2.0
2.5
x
h
pyramid-like
parabolic-like
Lm
FIG. 3: Numerical island profile computed from Eq. (15) for different initial values of the surface
S. For small surface S, we obtain a parabolic-shaped island, with constant island width. For island
surfaces larger than Sm = 3.7, the islands present a pyramidal-like shape. Its characteristic half-
width Lm = 2.26, given by Eq. (25), is represented in the figure. From bottom to top: Red-Curve
bottom (S = 1.80), Orange (S = 2.66), Green (S = 3.48), Blue (S = 5.84) , Purple (S = 7.58),
Black (S = 9.74), color on-line. The dashed-dotted curve represent the characteristic slope given
by tan(θe), in this case θe = arctan(
√
3/4).
When the horizontal size of the parabola 2x1 becomes smaller than the island size L, the
island morphology changes from pyramid-like shape to a parabolic-like shape. Using Eq.
(19) and Eq. (24) we obtain
Lm =
3
5
pi sec2(θe)(1− (8α + 1) cos(2θe)) , (25)
Sm =
2
3
Lm [3(h0 + hw) + Lm tan(θ)] . (26)
Therefore, the pyramidal shape can only exist for S > Sm and L > Lm. Below this value
of Sm, the islands are parabolic-like shaped and the anisotropy can be neglected.
We plot in Fig. 3 various island profiles obtained by numerical simulation for different
initial values of the surface S. Our numerical simulation shows that for a small island surface
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S, the island shape is parabolic-like and its widths L is rather constant. As the surface of
the system increases the islands become pyramid-like and their widths increase smoothly
with respect to their height. The transition from parabolic-like shape to pyramid is smooth
as the control parameter S is varied.● ●
● ●
▲ ▲ ▲ ▲ ▲ ▲■ ■ ■ ■ ■ ■
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FIG. 4: Chemical potential µ as a function of the island height h0 at equilibrium with θe = pi/6.
The •, N and  symbols are computed by numerical integration of Eq. (15) for α = 0, α = 0.2
and α = 0.4 respectively. The continuous, dashed and dotted curves represent the solution given
by Eq. (27) for α = 0, α = 0.2 and α = 0.4 respectively. The approximation given by Eq. (27) fits
the results of the numerical solution.
Finally, we compute the value of the chemical potential as a function of the island height
for various value of the anisotropy strength α. As shown in Fig. 4, the chemical potential
decays quasi-linearly as a function of the island height as shown below in Eq. (27).
Using Eq. (23) the chemical potential µ can be expressed easily as a function of the
parameter x1. In the same way using Eq. (18) the island height can be expressed as a
function of x1. Finally using the relation
∂µ
∂h
= ∂µ
∂x1
∂x1
∂h
the slope of the chemical potential
versus the height of the island for small values of α is found to be:
∂µ/∂h ' − 1
1 + 3α
. (27)
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B. Dynamics
1. Numerical simulation of the coarsening of two islands and dynamical model
In this subsection, we characterise the dynamic of coarsening of two islands. In Fig.
5, we show the time evolution of two pyramidal-shaped islands obtained by the numerical
simulation of Eq. (15). During the coarsening, the larger island increases at expense of
the smaller island until it disappears. Ultimately at a time tc defined as the coarsening
time only one island remains in the system. The initial conditions are prepared following
[32], by replicating a pyramid with a slight difference in amplitude. In order to analyse this
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x
h
h1
h2
FIG. 5: Spatio temporal evolution of two islands, deduced by numerical simulation of Eq. (15).
The initial condition are two islands of height h1(0) = 0.89 and h2(0) = 0.8 separated a distance
d = LT /2, where LT = 32 represents the system size. The anisotropic parameters are α = 0.1 and
θ = pi/6. The continuous curve (black) represents the island profile at t = 1, dashed curve (orange)
t = 30, dotted curve (blue) t = 80 and dotted-dashed curve (red) t = 100. After a time tc = 88,
there remains only one island in the system.
phenomenon, we propose a simple model for the coarsening of two islands, inspired by the
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work presented in [32]:
h1∂th1 = tan(θe)
µ(h2)−µ(h1)
d
,
h2∂th2 = tan(θe)
µ(h1)−µ(h2)
d
.
(28)
Here h1(t) is the height of the large island, h2(t) is the height of the small one and d is
the distance separating them. If we consider the island width as hi/ tan(θe), we recover the
model proposed in [32]. The advantage of this model is that its resolution requires only the
resolution of a differential equation instead of the resolution of a partial differential equation.
In Fig. 6, we represent the time evolution of each islands heights h1 and h2, corresponding
to the result displayed in Fig. 5. We also compare in Fig. 6 the results obtained from the
resolution of the model Eq. (28) with results of the numerical simulation of Eq. (15).
The model predictions is in good agreement with the numerical simulation of Eq. (15).
The resolution of the model can be done in two ways: a simple numerical integration of
Eq. (28) or an analytical resolution of Eq. (28) as explain in section III.B.2. The slight
discrepancy between the numerical result (numerical simulation of Eq. (15)) and theoretical
result (resolution of the puntual model Eq. (28)) for the final height h1 is mostly due to
the fact that our model is based on a simple pyramidal-like shape ansatz during all the
coarsening dynamic. This small discrepancy in the height does not affect the coarsening
time tc.
2. Effect of the anisotropy on the coarsening time
In Fig. 7, we present the coarsening time tc of two strained islands as a function of
the anisotropy strength α. We compare the analytical coarsening time tc obtained by the
resolution of the model Eq. (33) and the results obtained by numerical simulation of Eq.
(15). There is a good agreement between both results. As shown in Fig. 7 we find that the
coarsening time increase linearly as a function of the anisotropy strength α. We can explain
this effect in the following way.
Using Eq. (28) it can be easily shown that ∂t(h
2
1+h
2
2) = 0. We thus propose the following
change of variables in order to solve analytically Eq. (28):
h1(t) = h0 sin(φ(t)),
h2(t) = h0 cos(φ(t)).
(29)
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Here h0 is related to the initial islands heights as h0 =
√
h1(0)2 + h2(0)2. Substituting Eq.
(29) into Eq. (28) yields:
∂tφ =
tan(θe)
h0d(1 + 3α)
(
1
cos(φ)
− 1
sin(φ)
)
, (30)
submited to the initial condition φ(0) = φ0 = arctan
(
h1(0)
h2(0)
)
. Eq. (30) can be integrated
analytically, its solution is
t(φ) = (1 + 3α)d
h0
tan(θe)
T (φ). (31)
The analitical form of T (φ) is given in [36]. The coarsening time tc is defined by the following
criteria: when the height of the small island reaches the wetting layer height hw. This implies
the following implicit relation for tc:
φ(tc) = arcsin
(
hw
h0
)
. (32)
This previous relation derives from Eq. (29) easily. Using Eq. (31) we obtain the coarsening
time tc. It reads:
tc = (1 + 3α)d
h0
tan(θe)
T [φ(tc)] , (33)
this result agrees with the numerical simulation presented in Fig. 7. In the limit of
(hw/h0) 1, the expression T (φ(tc)) can be simplified as given in [37].
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FIG. 6: Time evolution of the height h1 and h2, corresponding to the result shown in Fig. 5. The
dashed curves represent the islands heights given by the numerical simulation of Eq. (15), and the
continuous curves represent the result obtain by the numerical resolution of the dynamical model
presented in Eq. (28). The same results for the continuous curve can be obtained analytical as
explained in section III.B.2. The coarsening time is tc = 88 for both solutions. The vertical axes
is in units of l0 and the time scale is t0.
3. Numerical simulation of an array of islands with anisotropy
For illustration, we present the numerical simulation of the coarsening of an array of
islands. The numerical simulation of Eq. (15) reveals mostly two phenomena. A first
instability regime which arises for an initial film height higher than the critical layer. A
second regime in which coarsening takes place and is not interrupted. As shown in Fig.
8 after the initial instability the smaller islands vanish by surface diffusion through the
wetting layer at the benefit of the bigger islands until the system reach the equilibrium. The
equilibrium state is characterised by a large island whose characteristic size can be deduced
from the parameters of the Eq.(17). This phenomenon is observed numerically with or
14
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FIG. 7: Coarsening time tc as a function of the anisotropy strength α. The system under study
is the same as shown in Fig. 5. The dots represents the numerical simulation of Eq. (15) and the
curve is the solution for tc given by Eq. (33). The coarsening time tc depends linearly on α.
without the presence of the surface energy anisotropy.
We show in Fig. 9 an ensemble average for the maximum height of h as a function of time
computed by numerically integrating Eq. (15). The results are presented for three different
values of the anisotropy strength (α = 0, α = 0.01 and α = 0.05). We have performed
twenty numerical simulation for each value of α. We observe that the rate coarsening of an
anisotropic system (α = 0.01 and α = 0.05) is slower than the system without anisotropy
(α = 0). This effect is due to the increase of the coarsening time tc as described previously
in Fig. 7. Finally, we note that the determination of the coarsening exponent reported
in [34] is still under investigation in presence or absence of surface anisotropy. As matter
of fact the understanding of the dynamics between the islands could serve to elaborate an
analytical model to describe the coarsening dynamic of a many islands system.
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FIG. 8: Evolution of an anisotropic strained islands according to Eq. (15), where the initial
condition is a flat film of height 0.11 with a small random perturbation. First the ATG instability
evolves, and the coarsening start after the islands have formed. Finally, there is only one pyramidal-
shape island with the characteristic slope shown in Fig. 1.
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FIG. 9: Ensemble average for the maximum height h as a function of time for three different
values of α. α = 0 (continuous line), α = 0.01 (dashed line) represented in Fig. 8 and α = 0.05
(dashed-dotted line) obtain by the numerical simulation of Eq. (15). The initial condition for the
systems is a flat film of height 0.1 with a small random perturbation. The maximum value of h is
calculated using an ensemble average of twenty simulations for each different α.
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IV. CONCLUSION
This article presents a numerical and analytical study of the shape and of the dynam-
ics coarsening of strained anisotropic islands. We have characterised analytically strained
islands using a simple ansatz. We have introduced a dynamical model to investigate the
dynamics of coarsening of two islands This models compares favorably with our numerical
simulation. We have shown that the coarsening dynamics of strained island in hetero-epitaxy
is slowed down by the presence of the surface energy anisotropy. Our results are in good
agreement with our numerical simulations. For future work the comparison to experiments
will be investigated in three dimensions.
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